
 A Study of General Tracer (I)

 --denotational description of Prolog--

S.  OHYAGI

 In this paper a state transition model of pure Prolog with cut control primitive is

presented in which each program constract is interpreted as a continuous Lambda

function. This description has two main purposes. One is to simplify stack imformation

so that a state includes only the information of stack flame plus two control statuses.

The other is to preserve set function interpretation of prolog program so that the retract

of fixed point set has logical meaning. Continuation model is not presented. It is thought

to be unnecesary because Prolog has no "go to" construct.

to the description of the semantics compared to the

usual interpreter. However it offers clear and simple

meaning to every program construct.

  Finally definability of Prolog program on the real data

domain is considered. The real data domain is a

subspace E
0
 of E but Prolog program is not a totally

defined function on E . It is shown that Prolog program

is defined on E
0
\ A for some subset A where the closure

of A does not include any open set.

 §2  The domain of Prolog programs

  In th is  paper a c lause of  a Prolog program is

interpreted as a set function. This is the same idea of

Kowalski and Emden. This treatment is important if

you want to explain the phenomena, variable passing,

which is pecuriar to Prolog. Further i f  you treat

undefined variable as only symbols then logical

meaning of the program will be lost. This section

discusses the domain of Prolog programs and propose

a treatment of clauses as continuous functions.

  The set FT of finite trees is defined inductively as

follows.

 [Definition 1]

   Let
n
 {c

n
 | n> 1} be a set of constant symbols and let

{ f m
n (x1 , . . . ,xm)|  1< n,m< N} be a set of  funct ion

symbols. The FT is defined as a minimum set satisfying

〔RESEARCH〕

 §1  Introduction

   There are several papers on the semantics of Prolog.

Pioneering works on this subject are Van Emden,

Kowalski1) and Apt, Van Emden 2), which discuss the

fixed point semantics of Prolog as a Horn sentence.

Lassey-Maher 3) proposed to interpret Prolog program

as a monotone increasing function on the Plotkin's Tω

domain. In this paper Prolog program is interpreted as

a continuous function on the retract E of Tω.The

advantage of using E as a data domain is that the

determination of failure becomes continuous on this

domain.

  One of the key point of semantical description is to

give meaning to each program construct. Especially in

the denotational description the meaning to be given

is a continuous function. This principle is adopted in

th is  paper .The o ther  ob jec t  o f  the  semant ica l

description in this paper is to simplify state description.

The usual Prolog interpreter uses stack. However very

limited part of the stack is necesarry for the program

construct. So stack information should be abstracted

if it is used as a state. The state adopted in this paper

includes the information on one stack flame with some

control parameters. One of the control parameters is

success or failure of the process. The other one is the

number of success passes of the process. The adoption

of this state description gives a very different apearance
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the following conditions.

      i) c
n
 ∈ FT       where n ≥ 1

      ii) If α1 ,...,αm
 ∈ FT then

                    f m
n  (α1 ,...,αm

 ) ∈ FT

 The set FT plays a role of Herbrand universe in first

order logic. We denote the power set of FT with Scott

topology by P(FT). Formally this is defined as follows.

 [Definition 2]

   Let α  be a finite subset of FT. The set above(α ) is

defined as

    above(α) = {x|x ⊃ α ,x ⊂  FT}

Then Τ the base of the topology of P(FT) is defined

as

     Τ={above(α)| α  is a finite subset of FT}.

On the space P(FT) the function ||p(x)<=q(X)|| defined

as

     ||p(x)<=q(x)||(u) = {q(y)|p(y)∈ u}

is a continuous function.

However the function ||∀  x ¬p(x)<= z|| defined as

||∀ x ¬p(x)<=z||(u)= 

z in case   
x ∈

/0 else







p(x) ∉ u
FT

for all

is't even monotone increasing. Prolog interpreter needs

such an operation when it selects next alternative

clause after the current unification failed.

Let us take the domain T as

     T ={<u,v>| u,v∈P(FT), u∩ v= /0 }.

The space T is essent ia l ly  Plotk in 's Tω and this

definition is similar to that of Bahrendregt. The first

element u of the pair <u,v> is seen to be positive

in fo rma t ion  and  the  second  v  to  be  nega t i ve

information. Then ||p(x)<=q(x)||, ||∀ x ¬p(x)<=z|| are

redefined as a function on T in the following.

     || p(x)<=q(x) ||(<u,v>)

            =<{ q(y) | p(y)∈u}, (P(FT) \ {q(y) | y∈FT})

             ∪ { q(y) | p(y)∈ v}>

     || ∀  x ¬  p(x)<=z ||(<u,v>)

            =
z in case v ⊃  { p(x) |  x ∈ FT }
/0 else





Then the function ||p(x)<=q(x)|| is continuous and the

function ||∀ x ¬p(x)<=z || is monotone increasing. This

is the J-L Lassey and M.J.Maher's approach. The main

point of this chapter is the function ||∀ x ¬p(x)<=z ||

can be made into a continuous function on certain

subspace of T with somewhat different topology.

 [Definition 3]

   Let F be a finite tree of FT with constant symbols

c
n1

,...,c
nr
  (n

1
 ,...,n

r
 >N) on its leaves.If it has constant

symbol ck  on its leaf and ck  satisfies

         k ≠  n
1
 ,...,n

r
  =>  k< N

then we write down F as

         F = F(c
n1

  ,...,c
nr 

 ).

Define function b and b  as

         b : FT->P(FT) ; b(F(cn1 ,...,cnr  ))

                       = { F(x
1
 ,...,x

r
 ) | x

1
 ,...,x

r
 ∈FT }

        b  : P(FT)->P(FT) ; b(x) =∪ b(F)

                                               F∈x

 [Proposition 1]

         b : P(FT)->P(FT) is a continuous retraction map.

   (Proof)

          omitted.

 [Definition 4]

   Let FT(N) be the set of f ini te trees which has

constants with lower case indexes all less than or equal

to the number N on their leaves. The power set of

FT(N) is denoted as P(FT(N)) which is assumed to have

subspace topology of P(FT).

   Our concern is to obtain a retract of P(FT(N)) x

b (P(FT)) as a similar correspondent of Tω.

 [Proposition 2]

   Let r be a map

         r : P(FT(N)) x b (P(FT)) -> P(FT(N)) xb (P(FT))

           ; r(<x,y>) = 
<x,y>  in  case  x ∩ y =

            else

  

{ /0

   The map r is a continuous retraction map.

   ( Proof )

                         omitted.

Please refer to Scott [5] as to retraction maps.

 [Definition 5]

  The space E is defined as a retract using a

retraction map r. That is

          E = r(P(FT(N)) x b (P(FT))).

E is a continuous lattice and so a retract of P(ω ).On

the space b (P(FT))  wh ich represents  negat ive

information of the space E above(b (F)) defined as

          above(b (F)) = { x | x ∈ b (P(FT)),b (F) ⊂  x }



is open.

While

          ||∀  x ¬  p(x)<=z ||(<u,v>)

                    =
z in case ∀x ∈  FT,  p(x) ∈  v
/0 else{

                    =
z in
/0 else





case b  (p(cn+1 )) ⊂ v

                   =
z in
/0 else





case v ∈ above (b (p(cn+1)))

holds.

So ||∀  x ¬p(x)<=z || is continuous on E.The function

|| p(x)<=q(x) || on E defined as

          || p(x)<=q(X) ||(<u,v>)

                   =<{ q(y) | p(Y)∈ u, y∈ FT(N) },

                     (P(FT) \ { q(y) | y∈ FT })

                     ∪ { q(y) | p(y)∈ v, y ∈ FT }>

also is continuous on E.

  Let us explain Prolog in this paper and how it is seen

as a function on the space E. The syntax of Prolog

subset is defined as follows.

           Program ::= Clause_groups

           Clause_groups ::= Clause_group |

                         Clause_group Clause_groups

           Clause_group ::= Clauses

           Clauses ::= Clause | Clause clauses

           Clause ::= Clause_head :- And_part

           Clause_head ::= Predicate_functor

           And_part ::= terms

           terms ::= Λ  | terms term | terms !

term ::= Predicate_functor

Predicate_functor ::=f j
i
(argument, . . . ,argument)

j

argument ::= x
i
 | f j

i (x
il
,...,x

ij
) | c

1
 |...|c

N
 |

                      f j
i (argument,..., argument)

j

For example

           p(x) :- q(f(x)), r(x,y)

           p(g(x)) :- r(x,z)

           q(f(g(x))) :-

           r(u(x),z) :-

                       where p,q,r,f,g are function

                             symbols of {f j
i | 1≤ i,j≤ N }

is a Prolog program. If you ask

           p(x)?

to this program then it returns

           x= g(u(y)).

If you insert ! after q(f(x)) in the above program then

we obtain the following program.

           p(x) :- q(f(x)) ! r(x,y)

           p(g(x)) :- r(x,z)

           q(f(g(x))) :-

           r(u(x),z) :-

If you ask the same question p(x)? then the interpreter

first select the top most clause of the list and matches

the c lause head and the current  term p(x) .  The

interpreter proceeds to each And_part terms and finally

at the last term of predicate name r i t  becomes a

question r(g(x),y)?. But it fails. So it will go backtrack.

However the backtrack is prevented by the cut symbol

! and the entire clause group of the predicate name p(x)

fails. This cause total failuar and the interpreter returns

"fail". To see program as a function on the space E the

question p(x)? is identified the element  α  of E as

          α =<{ p(x) | x ∈FT }, b (FT)\{p(x) | x∈FT }>

and the answer x=g(u(y)) is identified with the element

β  of E as

β = < {  p ( g ( u ( y ) ) ) | y  ∈  F T ( N )  } , b ( F T ) \ {

p(g(u(y)) | y∈FT }>

in the first program.

So that program maps α  to β  as a function on E. The

second elements of bothα and β  are roughly the

compliments of the first elements of them. This means

α  and β  represent complete information. So the data

domain of Prolog in ordinary sense is the subspace E
0

of E defined as follows.

 [Definition 6]

   Let E
0
 be

       E
0
={ < α , β  >|< α  , β > ∈ E and <α  , β > is a

maxima element of E\{
⊥

} as to the order derived

            from the lattice structure of E }

The space E
0
 is provided to include undefined elements

such as infinite loops.

   The space E
0
 is somewhat complicated. To give clear

view let us transform E
0
  to simpler space.

[Definition 7]

   Let α  be a finite subset of FT(N) and β  be a finite

subset of FT.

Define U(α , b ( β )) as

              U(α  , b ( β )) = { x | x ⊂  FT(N), x ⊃ α  and

                                                x ⊂  FT(N) \ b ( β ) }.

The space E0
*  is defined as a space P(FT(N)) with



topology generated by Τ defined as

              Τ= { U( α , b ( β )) | α ⊂ FT(N),β ⊂ FT and

                                          α , β  are finite or empty }

Then the following proposition holds.

[Proposition 3]

         E0 and E0
*

 are homeomorphic.

  (Proof)

         It is sufficient to show that the map I

              I : E
0
 -> E0

*  ; <x,y> -> x

is a homeomorphism.I is one to one and onto.Let us

prove that for the open set V(α , b ( β ))of E0 defined as

              V(α , b ( β )) = {<u,v>| u∈above(α ),

              v∈ above(b ( β ))}

              I(V(α , b ( β ))) =U( α  , b ( β ))

holds.

Let <u,v> be an element of V(α , b ( β )).

Then v'=v ∩ FT(N)

satisfies

        v' ∈ above(b ( β  ) ∩ FT(N))

and     u∩ v' ⊂ u ∩ v = /0 .

So

        FT(N) \ u⊃v' ⊃ b ( β ) ∩ FT(N)

holds.

That is         u⊂ FT(N) \ ( b ( β ) ∩ FT(N)).

                 ∴u ∈U( α , b ( β )).

This shows

                I(V(α , b ( β ))) ⊂  U( α , b ( β )).

Conversely if u∈U( α , b ( β )) then

                α ⊂ u and u⊂ FT(N) \ ( b ( β  ) ∩ FT(N)).

So

                u∩ b ( β ) ∩ FT(N) = /0 .

From       u ⊂ FT(N)

                u∩ ( b ( β ) \ FT(N)) = /0 .

This means

                u∩ b ( β ) = /0 .

<u,v> = I-1 (u) is a maximal element of E \ {
⊥

}.

So

                <u,b ( β )> <u,v>.

                 ∴ v ⊃ b ( β ).

This means

                  u∈above(α ), v ∈above(β ).

                      I-1 (u) ∈V( α , b ( β )).

I is one to one and onto continuous open mapping. So

I is a homeomorphism.

                                          Q.E.D.

   This proposition says that Prolog program on the

space E
0
  can be viewed as a function on the spaceE0

*  .

The program already stated in the example maps { p(x)

| x∈FT(N)} to {p(g(u(y))) | y∈FT(N) } as a function

on the space E0
*  .

  §2  A State transition model of Prolog

   To describe the function of language interpreter

compactly and without entering into full details of

pract ical  imprementat ion techniqe is one of  the

important point of denotational semantics. To localize

the state information for the current program construct

to be described and to take off all unnecessary stack

information is a key to the success of the denotational

description of Scott, Strarchy, Miler, Stoy and others.

  The theme of this sect ion is to apply the same

paradigm to the description of Prolog. Here some

reference should be made to the Prolog interpreter. The

data structure of the stack for our Prolog interpreter is

as follows.

  For example the stack flame created for the clause

           p(x) :- q(x,y) ! r(y,x)

when it is applied to the question p(a)? is as in the

following.

Fig.1 The data structure of the stack for our prolog interpreter

Fig.2 The stack flame created for the clause p(x):-q(x,Y) ! r(y,x).



After the clause is applied, p(a) and the head p(x) of

the clause are unified and x is bound to a. Let us try an

example.

If you ask p(x)? to the Prolog program

         p(x) :- q(f(x)) ! r(x,y)

         p(g(x)) :- r(x,z)

         q(f(g(x))) :-

         r(u(x),z) :-

 The interpreter creates

          1) the stack flame for the clause :- p(x).

 Then it

         2) unifies the term of the clause :- p(x) and

the head of the clause p(x) :- q(f(x)) ! r(x,y) and

push the flame of the latter clause on the stack.

 Then it

          3) proceeds to the first term of And_part, unifies

q(f(x)) and q(f(g(x))) and push the flame of the

clause q(f(g(x))) :- to the stack. At the same time

it saves the binding information, which cannot

be taken away by simple pop of the stack, in the

trai l  stack. This is important in the case of

backtrack.

The interpreter thus proceeds.

   It will be reasonable to take one flame of the stack

as a state. So the data structure of a state is defined as

follows.

          state = < clause_name, variable_assignment,

                  list_of_partial_state, process_status >

The structure sharing technique is adopted in the above

hand simurated interpreter. However structure sharing

causes simultaneous bindings of all the parameters

which share the variable to be bound. It is very difficult

to reflect such a mechanism to state transition model.

And it is also unnecesary for logical description of

Prolog function. So simple principle of copying is

adopted. Thus trail list becomes unnecessary. Bindings

of variables change at each step after the execution of

each term of And_part. So it is necessary to retain

variable assignment in the part ial_state after the

execution of each term of And_part.

   After the execution of each term of And_part, the

hand simulated interpreter stated above must have

pushed stack flames corresponding to the execution

from the first term to the current term. Such execution

sequence may include many backtracks. So i t  is

desirable to retain the number of success passes in the

partial state so as to determine the execution sequence

uniquely. So the data structure of partial state is as

follows.

       partial_state= <next_alternative_clause,

              variable_assignment,backtrack_state>

       backtrack_state = <number_of_success_passes,

              number_of_the_most_recent_success_

              passes>|<!>

Finally the indicater of success or failuar of the process

when it reached current state and the index which

Fig.3.1  The data structure of the stack for our prolog interpreter

Fig. 3.2 The stack flame created for the clause p(x):-q(x,y) !
r(y,x)

Fig.3.3  unification of q(f(x)) and q(f(g(x)) and push the flame
of the clause q(f(g(x)) : -to the stack



indicate current_And_term are required. This is called

process_status.

       process_status = <{suc,fail,! fail},index>

Let us start the semantical description of Prolog using

state transition model. The data type of state is written

as S. According to Scott [5] data type is a retract. So S

is taken to be a retract of P(ω ). The flat lattice of

natural numbers is written as ω̂  . The function m(s)

assigns meanings to the program constructs of Prolog.

And we would like to define

       m(s)[ Program ] : ω̂ xE -> E

       m(s)[ Clause_groups] ,

       m(s)[ Clause_group ] ,

       m(s)[ Clauses ] ,

       m(s)[ Clause ] ,

       m(s)[ And_part ] ,

       m(s)[ terms | terms ] ,

       m(t)[ term | terms ]  : ω̂ xS -> S

 and tran( |terms ) : S -> S.

       m(s)[ Program ] (n)(<u,v>)

     =m(s)[ Clause_groups] (n)(<u,v>)

       m(s)[ Clause_group Clause_groups] (n)(<u,v>)

       =logical_part(m(s)[ Clause_group ] (n)(set_

             flame(F(Clause_group)(<u,v>),Clause_

             group_name)))

       ∪
• m(s)[ Clause_groups] (n)(<u,v>)

 Here F(Clause_group) denotes a continuous function

on E0 defined as

       F(c
i
) = || c

i
<= c

i 
||

       F(f j
i ) = ||f j

i (x
1
 ,...,x

j
 ) <= f j

i (x
1
,...,x

j
 ) ||

according to the Clause_group name of c
i 
 and f j

i

       set_flame(α , β )

           =< :-β , α ,<NIL,NIL,<0,0>>,<suc,0>>

       logical_part(<p:-q
1
,...,q

r
 , α , β ,<suc,k>>)

           =|| M
j
 (x

1
,...,x

j
) <= q

r 
||(α )

       logical_part(<p:-q
1
,...,q

r
 , α  , β  ,<fail,k>>)

           ={fail}

       <u1 ,v1 > ∪
• <u2 ,v2 > = <u1 ∪ u2 , v1 ∩ v2 >

 m(s)[ Program ] (n)(<u,v>) applies Prolog program

for the input <u,v> , an element of E, and returns output

after n times of success passes. This is the same for

m(s )[ Clause_groups] .  The  func t ion  m(s )[
C l a u s e _ g r o u p s ] i s  d e f i n e d  t h r o u g h  m ( s )

[ C l a u s e _ g r o u p ] a n d  m ( s )[ C l a u s e _  g r o u p

Clause_groups ] using the syntax def in i t ion of

Clause_group : := Clause_group Clause_groups |

Clause_ group. Since m(s)[ Clause_group ]  is a

funct ion from ω̂ x S to S ini t ia l  state should be

established by applying set_flame to the part of <u,v>

which corresponds to the current Clause_group_name.

This part of <u,v> is obtained by applying function

F(Clause_group). Further ∪
•  is used to sum up all the

result of application of m(s)[ Clause_group ] (s). For

predicate_functors p(x,y) and q(x,y) the function

|| p(x,y)<=q(x,y) || on E is defined as

           || p(x,y)<=q(x,z) ||(<u,v>)

                     =<{ q(x,z) |∃ y p(x,y)∈u, z∈ FT(N) },

               (FT \ { q(x,z) | x,z∈FT }) ∪ {q(x,z)|

               ∀ y p(x,y)∈ v z ∈ FT(N) }>

and it is continuous.

The function || M
j 
(x

1
 ,...,x

j
 )<=q

k
|| is a function in this

sense and this notation shall be used hereafter.

            m(s)[ Clause_group ] (n)(s)

                =m(s)[ Clauses ] (n)(s)

  This shows the meanung of Clause_group is the total

meaning of all the component Clauses.

            m(s)[ Clause Clauses] (n)(s)

            = if Fail(head(Clause))(cur(s))

                   then m(s)[ Clauses ] (n)(next(s)),

               if Suc(head(Clause))(cur(s))

                   then

                    if n≤n(Clause)(s)

                       then

                          m(s)[ Clause ] (n)(s)

                       else

                          if Clause_exhausted(

                               m(s)[ Clause ] (n)(s))

                             then

                               m(s)[ Clause ] (n)(s)

                             else

                               m(s)[ Clauses ] (n-n(Clause(s)))

                                  (next_clause(s))

Here

      cur(<p:-q1 ,...,qr , α  ,<a1 ,...,a k-1 ,<cl,

           <u,v>,bt>,...>,<c,k>>) = || M
j
 (x

1
,...,x

j
 )<=

            q
k+1

||(<u,v>)

      j is the number of free variables which appear in

the clause p:-q
1
,...,q

r
 and M

j
 is a fixed predicate of

j variables.

     Fail(q)(<u,v>) = ||∀ x¬q<=1 ||(<u,v>)

     Suc(q)(<u,v>) = || q<=1 ||(<u,v>)

     next(<cl,α ,<a
1
 ,...,a

k 
,<cl', γ , bt>,...>,<c,k>>)



          =<cl,α ,<a1,...,ak ,<cl' +1, ,bt>,...>,<c,k>>

      Clause_exhausted(<p:-q
1
,...,q

r
 , α ,<a

1
,...,a

k 
,

         <cl,γ ,bt>,...>,<c,k>>)

                =
1 in case cl exceeds the number of all the

  clauses in the clause group of qk

0  else







length_match(Clause_list,s)

                
=

1 in case s =< p:−q1,..., q r ,α ,< a1,..., ak ,

   < cl,< u, v >, bt >, ...>,< c, k >>  and the number

    of causes in the clause group of

     qk +1 − cl + 1 = the length of the Clause

     list holds

0   else
















           n(Clause)(s) and next_clause(s) shall be

           explained later.

   In case that there is no clause corresponding to the

current clause number in the partial state column of

the state s the current state does not move.

   In case current clause does not correspond to the

current  c lause number  then i t  i s  sk ipped.  i f  i t

corresponds then the value of the current term is

obtained from the binding of the current variables and

uni f ica t ion wi th  the cur rent  c lause is  t r ied.  I f

unification fails then Clause_list and Clause number

are  advanced. If it succeeds then it proceeds as follows.

  Assume the k+1-th term of the current clause is to be

expanded at the state s and alternative clauses for the

term are expanded and replaced by backtracking so that

this term is passed n times in success. At the same time

the first alternative clause is assumed to be passed n
1

times in success.

   Then Clauses, which is the rest of the current Clauses

of the term after it is deprived of the first alternative

clause, is passed n-n
1
 times in success. So the state

transition by the rest of the Clauses is written as

        m(s)[  Clauses ] (n-n1)(s1)

where s
1
 is the state before entering into the Clauses.

Let m be the total of success passes of the current term

of the state before entering into the expansion of the

current alternative clause. The number m is obtained

from the backtrack_state column of the  current k+1-

th term description of the partial state where k is found

as an index in the process_status column of the state s.

So m is written as

          m =the number_of_success_passes(s).

It is impossible to pass current term with the first

alternative clause successfully any more after the n
1

times success passes. The function to obtain n1 which

is written as n(Clause)(s) is defined as

         n(Clause)(s) = F(n+m)-m

           where

              F(t)=if Fail_process(m(s)[ Clause ] (t-1)(s))

                         then F(t-1)

                      else number_of_success_passes(

                           m(s)[ Clause ] (t-1)(s).

 The state s1  is obtained from s by

         1) incrementing next_alternative_clause by 1

2) incrementing number_of success_passes by

n(Clause)(s)

3)set t ing  the  number_of_ the_most_recent

_success_passes to 0

of the partial_state which corresponds to the k+1-th

term. This function is written as next_clause(s). So

          s
1
= next_clause(s)

 Let us define m(s)[ Clause ]
          m(s)[ Clause ] (n)(s)

            = if Fail_process_status(m(s)[ Clause ]
            (n-1)(s))

                   then m(s)[ Clause ] (n-1)(s)

                if Suc_process_status(m(s)[ Clause ]
                (n-1)(s))

                   then if have_and(Clause) then

                           m(s)[ And_part ] (n)(s)

                        else if n+ the_most_recent_success_

                             passes(s) > 1

                                then set(fail)(s)

                                else tran(Clause)(s).

Fig.4 The state transition by the clauses.



  If the maximum number of success passes of the

current alternative clause of the state s is less than n-1

then  m(s )[ Clauses ] (n ) (s )  equa ls  to  m(s )[
Clause ] (n-1)(s). If it is greater than n-1 then the

And_part of the Clause is executed.

  I f  the Clause has no And_part  then i t  can be

successfully passed at most onece. So in case that

n+the_most_recent_success_passes is greater than

1,The process_status of the state s is set to fail and the

next_alternative column of the partial state of the

current term is incremented by 1. This is the working

of set(fail). That is

     set(fail)(cl,α ,<a1,...,ak’ <cl',β ,bt>,...>,<u,k>>

           =<cl,α .<a
1
,...,a

k’
 <cl' +1,β ,bt>,...>,

            <fail,k>>.

  In case of success return of one time,the current

variable bindings should be changed according to the

current alternative clause. This function tran(Clause)(s)

is defined as follows.

      tran(Clause)(s) = if Suc(head(Clause))(cur(s))

          then Set_binding(|| cur_term(s)<=cur_bind_

          pred(s)||(||head(Clause)<=head(Clause)||(cur(s)))

         ∩• cur_bind(s))(s)

          else⊥  .

      where

          cur_term(s) = q 
k+1

          cur_bind_pred(s) = M
j
 (x

1
 ,...,x

j
 )

          cur_bind(s) =β 1

             for s = <p:-q
1
,...,q

r
, .<a

1
,...,a

k-1
,

                     <cl
1
, β 1

,bt
1
>,<cl

2
,β 2 

,bt
2
>,...>,

                     <u,k>>

      and

         <u1 ,v1 >
∩
• <u2 ,v2  >  =  <u1 ∩ u2  , v1 ∪ v2  >

         Set_binding(β )(s) = <p:-q
1
,...,q

r
, α ,

             <a
1
,...,a

k-1
,<cl

1
 , β 1

 ,bt
1
 >, <cl

2
, β ,bt

2
>,

             ...>,<u,k+1>>

  The result of unification of head(Clause) and the

current term value cur(s) is

         || head(Clause)<=head(Clause) ||(cur(s)).

The function of

         || cur_term(s)<=cur_bind_pred(s) ||

is to take up variable binding information from this

result. It is not untill the intersection of current variable

bindings and cur_bind(s) is taken that the next binding

is obtained.

         m(s)[ And_part ] (n)(s)

         = if Suc_index(m(s)[ terms|Λ ] (n)(s))

                   then RTN(m(s)[ terms|Λ ] (n)(s))

                if Fail_index(m(s)[ terms|Λ ] (n)(s)) then

                   set(fail)(s)

                if !_Fail_index(m(s)[  terms|Λ ] (n)(s))

                 then set(!fail)(s)

  Assume the process started from the state s and

reached the state s
1
= m(s)[  terms| Λ ] (n)(s) after it

had passed terms of And_part n times. The most recent

binding information of the head of the clause of s
1
 is

given as

Q
1
 = ||cur_bind_pred(s

1
)<=head(s

1
)||(cur bind(s)).

To return back this information to the state s it is

necessarry to obtain

Q
2
=cur_bind(s)∩• ||cur_term(s)<=cur_bind_pred(s)||(Q

1
)

using cur_term of s. Thus final result s' of applying

And_part to s is obtained as

           s' = Set_binding(Q
2
)(s).

s' is written as RTN(s
1
)(s). That is

           RTN(s
1
)(s) = Set_binding(Q

2
)(s)

              =Set_binding(cur_bind(s)∩
• ||cur_term(s)<=

               cur_bind_pred(s)||(||cur_bind_pred(s
1
)<=

               head(s
1
)||(curbind(s)))).

  Thus former half of m(s)[ And_part ] is obtained.

Fig.6 State transition by the And-part.

Fig.5 State transition by the clause.



Suc_index(x), Fail_index(x) and !_Fail_index(x) are

true when the index of the process_status of x is equal

to 1) the length of the list of a partial state, 2) -1 and

3) -2 respectively. The function set(!fail) sets the

clause number of the next alternative column of the

partial state of the curterm of the state to the number

of the last alternative clause +1 and then it performs

set(fail).

  In case that terms ≠ Λ
         m(s)[ terms term|terms'] (n)(s)

           = if Suc_process_status(m(t)[ term|terms' ] (

             r+1)(m(s)[  terms|term terms'] (k)(s)))

             then m(s)[  term|terms' ] (r+1)(m(s)[ terms|

                   term terms'] (k)(s)))

               if Fail_process_status(m(t)[  terms|term

                    terms'] (k+1)(s))

                     then m(t)[ terms|term terms' ](k+1)(s)

                    else

                               m(t)[ çterm|terms' ] (1)(m(s)[ terms

                           |term terms'] (l)(s))

        where

           k = number_of_previous_success_passes(s)

               r=number_of_the_most_recent_success_passes(s)

           l = min
y
[ k+1≤y, Suc_process_status(m(t)[

                term|terms'] (1)(m(s)[ terms|term

                terms'] (y)(s)) ]

           min
y
F(y) = ϕ (1)

          ϕ  (k) = if F(k) then k

                     elseϕ (k+1)

 Let s1,s2 be as

         s
1
 = m(s)[ terms term | terms'] (n-1)(s)

         s
2
 = m(s)[ terms term | terms'] (n)(s).

To obtain s
2
 from s

1
 is to be considered.

The state s1 can be written as

         s
1
 = <cl, α ,<a

1
,...,a

k-1
,<cl

1
, α 1

,<k,r
1
>>,<cl

2
, α 2

,

              <n-1,r>>,...>,<u,ix>>.

From th is  descr ip t ion  i t  can  be  seen  tha t  the

constructive terms from the f irst to the ix-th was

successfully passed k times and the constructive terms

from the first to the ix+1-th was successfully passed

n-1 times. Further it is found that the number of the

most recent success passes of the consecutive terms

from the first to the ix+1-th is r. Thus we write

          k = number_of_previous_success_passes(s).

The number r is obtained as

          r=number_of_the_most_rescent_success_passes(s).

To obtain s
2

          1) call m(s)[ terms| term terms'] (k)

             and call m(t)[ term | terms' ] (r+1).

If m(s) [ term | terms' ] (r+1) results in fail then

          2) call m(s)[ terms | term terms'] (k+1)

             and call m(t)[ term | terms' ] (1).

If m(s)[ terms | term terms'] (k+1) results in fail then

stop else if m(t)[ term | terms' ] (1) results in fail

increment k to k+1 and go to 2).

 In case that terms=Λ

         m(s)[ terms term | terms'] (n)(s)

             =m(t)[ term | terms' ] (n)(<cur_clause(s),

              || cur_term(s)<=head(cur_clause(s))||(cur(s)),

Fig.7 State transition by the m(s)[ terms term | terms']

Fig.8.1  Call m (s) [ terms term | terms'] (k) and call m(t)
[ terms term | terms'](r+1)

Fig.8.2   Call m(s)[ terms term | terms'](k+1) and call m (t)
[ terms term | terms'](1)



              init(And_part(cur_clause(s)),<suc,0>>)

   where And_part(p:-q
1
,...,q

r
) = q

1
,...,q

r

              init(q
1
,...,q

r
) =  

< 1,NIL,< 0,0 >>  init (q2 ,...,q r )

                in case q1 is a term

< !,NIL >  init (q2 ,...,q r ) else







         m(s)[ terms ! | terms' ] (n)(s)

       = if n=1 then shift(m(s)[ terms | terms'] (n)(s))

            else <cur_clause(s),|| cur_term(s)<=

             head(cur_clause(s)) ||(cur(s)),

             init(And_part(cur_clause(s))),<fail,-2>>

   where shift(<cl,α ,<a1,..,ak-1,<n1,u
1,v1>

         <n
2
,u2,v2>,...>,<γ ,k>>

         = <cl,α ,<a1,...,ak-1,<n1,u
1,v1>,<n2,u

2,v2>,...>,

         <γ,k+1>>

        m(t)[ term | terms ] (n)(s)

           = if Suc_process_status(m(s)[ Clause_group

             (term) ] (n)(s)) then increment_index(replace

            _partial_state

                 (set(suc)(s))(former_partial_states(

              m(s)[ Clause_group(term)] (n)(s))(cur

                                                                  _index(s)

              +1) || latter_partial_states(tran(|terms)(

              m(t)[ term | terms ] (n-1)(s)))(index(s)+2))

            else decrement_index(set(fail)(s))

   where

            increment_index(s) = <cl,α ,<a
1
,...,a

k
,<n,u,β >

                  ,...>,<c,k+1>>

            former_partial_states(s)(l) = a1,...,al

             latter_partial_states(s)(l) = a
l+1

,..,a
length(And-part(cl))

            decrement_index(s) = <cl,α ,<a
1
,...,a

k
,<n,u,β >

                  ,...>,<c,k-1>>

            for s=<cl,α ,<a
1
,...,a

k’
<n,u,β >,...>,<c,k>>

   and

            replace_partial_states(<cl,α ,γ  , β >) ( δ )

                 = <cl,α , δ , β  >

   Assume that the process transited from s to s1 by the

application of m(t)[ term | terms ]  and that it further

went and turned back to s2 by the application of tran( |

terms) and then reached s
3
 by the application

of m(s)[ Clause_group(term)]
Thus

           s
1
 = m(t)[ term | terms ] (n-1)(s)

           s2 = tran( | terms)(s1)

The state s
3
 is the same to the one which is obtained

from m(s)[ Clause_group(term)] (n)(s) by replacing

the latter part of its partial status list from the current

partial status with that of s
2
. Here Clause_group(term)

denotes the Clause_group corresponds to the term.

Finally let's define tran( | terms)

          tran( | terms)(s)

              = m(t)[ term | terms ] (

                      min
y
 Fail_process_status(m(t)[ term |

                      terms] (y)(s)))(s)

 §3  Prolog program on the space E
0

   In section 2. it is shown that Prolog program is

defined and continuous on the space E. However the

main concern of Prolog program is its behavior on the

data domain 0
∗E  . If Prolog program is not defined

almost  every  where on 0
∗E  then the funct ional

interpretation of section 2 is meaningless. So in this

section the definability of Prolog program on 0
∗E  shall

be discussed.

   The functions which directly operate on the element

of E in the definition of Prolog program as a function

on E of section 2 are

          || p(x,y) <=q(x,z) ||∪
• and ∩• .

It is unclear that the latter two functions are totally

defined on 0
∗E  x 0

∗E  . The functions ∪
•  and ∩• are

equivalent to∪ and∩ in their positive part respectively.

The function∪ is totally defined and continuous on 0
∗E

x 0
∗E . Whi le the funct ion∩ is  only lower semi-

continuous on 0
∗E  x 0

∗E . If ∩
•  is defined totally on 0

∗E
x 0

∗E  then ∩•  must be equaul to∩ on 0
∗E  x 0

∗E  . So

∩ must  be  cont inuous on 0
∗E  x  0

∗E  .  Th is  i s  a

con t rad ic t i on .  Th is  meands  ∩
•  i s  no t  de f ined

everywhere on 0
∗E  x 0

∗E  . We need not adhere to ∩
•

and∪
•  . If there are continuous functions ∩ ' and∪ '

such that ∩ ' = ∩ , ∪ ' = ∪ almost everywhere on 0
∗E  x 0

∗E
then we can replace∪

• and∩
• by ∪ ' and∩ '  respectively.Fig.9 State transitions from S to S

1
,S

1
 to S

2
 and S

2
 to S

3
.



In this section the existence of such functions ∪ ' and

∩ ' shall be shown.

 [ Definition 8 ]

   Let γ , α  be a finite subset of FT(N) and β  can be

written as β = b ( β ') ∩ FT(N) for some finite subset β '

of FT. Then step function χα ,β
γ (x) is defined as follows.

             χα,β
γ (x) =

γ   in case x ⊃ α and x ∩ β = /0
/0   else





 [ Proposition 4 ]

            χα ,β
γ  is continuous on 0

∗E  .

    (Proof)

      U(α , β ) is a clopen set. So it is clear.

                                                                      Q.E.D.

 [ Proposition 5 ]

         x∪ y is continuous on 0
∗E x 0

∗E  .

     (Proof)

    Letα be a finite subset of FT(N) and β ' be a finite

subset of FT such that

          x∪ y ∈U( α , β )

for β = b ( β ')

We can select α 1 and α 2 such that

          α = α 1 ∪ α 2
, x ⊃ α 1

 and y⊃ α 2
.

Thus

          x∈ U( α 1 
, β ) and y∈U( α 2 

, β ).

Further

          u ∪  v ∈U( α , β )

for all u ∈U( α 1
, β ) and v∈U( α 2

, β ).

                                                                     Q.E.D.

 [ Definition 9 ]

  A funct ion f  on 0
∗E  is said to be lower semi-

continuous on 0
∗E  if and only if for any x∈ 0

∗E  and for

any f in i te subset α  of  FT(N) there exists U ,  a

neighborhood of x such that for any y ∈ U

          f(x)⊃ α => f(y) ⊃ α
holds.

 [ Proposition 6 ]

   Let {f
n
} be a set of continuous functions on 0

∗E . Then

the function 
n≥1
∪  f

n
 is lower semi-continuous on 0

∗E .

   (Proof)

 Let α  be a finite subset of FT(N) and U(α , /0 ) satisfies

          
n≥1
∪   fn (x) ∈U( α , /0 ).

It is easy to see that

          n≤N0

∪   f
n 
(x) ∈ U( α , /0 )

for some natural number N0. From proposition 5 n≤N0

∪  fn

is continuous. So there is a neighborhood U( γ , δ ) of

x such that

          n≤N0

∪  f
n
 (y) ∈ U( α , /0 )

for any y∈U(γ , δ ).

This shows

         (
n≥1
∪  f n)(U(γ  , δ )) ⊂ U( α , /0 ).

                                                                     Q.E.D.

 [ Proposition 7 ]

  If f is lower semi-continuous then it can be written

as

         f = ∪ χα ,β
γ

               χα ,β
γ

⊂  f

  (Proof)

   Let x be an arbitrary element of 0
∗E . Since f is lower

semi-continuous there exists a finite subset  γ  of FT(N)

and a finite subset δ ' of FT for any finite subset α 0 
of

f(x) such that

         x∈U(γ , δ )    f(y) ⊃ α 0    
 for any y ∈ U(γ , δ )

for    δ  = b ( δ ') ∩ FT(N).

That is      f⊃   χγ ,δ
α .

This implies

             f(x)⊃ ∪    χγ ,δ
α  (x) ⊃ α 0

 .

                    χγ ,δ
α

⊂ f

There is a family {α i} of finite subsets of FT(N) such

that

             f(x) = 
i≥1
∪  α i

.

So

             f(x)⊃  ∪   χγ ,δ
α   (x) ⊃    

i≥1
∪  α i

 =f(x)

                    χγ ,δ
α

⊂ f

                                                                     Q.E.D.

 [ Definition 10 ]

  Let α , γ  be finite subsets of FT(N), β ' be a finite

subset of FT and β  = b ( β ') ∩ FT(N).

Define ηα,β
γ  as

      
ηα,β

γ (x) =
γ c in case x ∈ U(α,β)

FT(N)    elese









 [ Proposition 8 ]

   If f is a lower semi-continuous function on 0
∗E  then

the closure of the set

          { x | f(x) ≠ ∩ ηα,β
γ  (x) }

                           ηα,β
γ

⊃ f

does not include any non-empty open set.

   (Proof)

   Let U be

          U = { x | f(x) ≠ ∩ ηα,β
γ  (x) }

                                  ηα,β
γ

⊃ f

For any x ∈ U we can select c(x) of FT(N) such that

          f(x) ∉ c(x) and  ∩ ηα,β
γ (x) ∈ c(x).

                                   ηα,β
γ

⊃ f

Assume the closure of U includes some non-empty

open set. Then there exists a finite subset α 0 
of FT(N)

and β 0' of FT such that

          U(α 0
,  b ( β 0

') ∩ FT(N)) ⊂ U .

The set {c−1c(x)  | x∈U } is countable. So it can be

written as

        { c−1c(x)  | x ∈ U } = { V
n
  | n ≥ 0 }.

If there exists n1  such that

            Vn1 ⊃U(ε , δ  ) and δ  = b ( δ ') ∩ FT(N)

for some finite subset ε of FT(N) and δ ' of FT, then

there exists x
0
 ∈ U such that c-1  c(x

0
) is dense in U(ε

, δ  ). Because x
0
 can be selected so that

           c−1c(x0 ) = Vn1

is satisfied. From the lower semi-continuity of f,

            c(x0) ∉ f(x)    for any x ∈ U(ε , δ  )

holds.

This means

          ηε ,δ
c(x0 ) }{ ⊃  f.

This implies

          ηα ,β
γ ⊃  f

∩
      ηα ,β

γ (x) ∉c(x0)

   It contradicts. This shows V
n
 does not include any

non-empty open set for any n ≥ 0. For n=0 this means

            U(α 0
 , β 0

)\ V
0  ≠ /0  .

   U(α 0
 , β 0

)\V
0
 is open because V

0
 is closed. So there

must exist an open set  U(α 1 , β 1) such that

            U(α 1
 , β 1

) ⊂  U \ V
0 
.

Here α 1
 is a finite subset of FT(N) and β 1

 can be

written as  β 1
= b ( β 1

') ∩ FT(N) for some finite subset

β 1
' of FT. Applying this procedure consequtively, the

sequence of non empty open set  U(α n , β n) such that

          U(α n
 , β n

) ⊂ U( α n-1
 , β n-1

) \ V
n-1

can be obtained. If we assume

          ∩ U( α n
 , β n

) = /0

then from its definition

           
n≥1
∪  α n ∩  

i≥1
∪ β n  ≠ /0  .

So there exists an element a of FT(N) such that

          a∈ αn0  ∩ βn1

for some n
0
 ,n

1
 .

From the monotone increasing property of α n  and    β n

there exists N
0 
such that

           a∈ αn0  ∩ βn0

This means

            U(αn0 , βn0 ) = /0  .

This contradicts.

That is

             
n≥1
∩  U( α n , β n) ≠  /0  .

While

              
n≥1
∩ U( α n

 , β n
) ⊂ n≥1

∩ ( U( α n
 , β n

) \V
n
 )

                          ⊂  U\
n≥1
∪ Vn = /0  .

This contradicts.

                                         Q.E.D.

 [ Definition 11 ]

   Let γ and α be a finite subset of FT(N) and β' be a

finite subset of FT. Then the function

             τ<α ,b(β ' )>
γ  on  E  is  defined  as

             τ<α ,b(β ' )>
γ  (< u,v >)  =  

γ   in  case  u ⊃  α   and

      v ⊃  b (β ' )

/0   else








   Let f be a lower-semi-continuous function on E0
*  .

Then the function ̂f  on E is defined as

f̂ =  
f ⊃χ

α ,b(β )∩FT(N)
γ

∪ τ<α ,b(β ' )>
<γ ,φ >   ∪  

f ⊂χ
α ,b(β ' )∩FT(N)
γ

∪    τ<α ,b(β ' )>
<φ ,γ >

 [ Theorem 1 ]

   Let f be a lower semi continuous function on E0
* .

Then the closure of the set { x | x ∈ E0 and f̂ (x) ≠ I -1

fI(x) } does not include any non-empty open set of E
0.

  (Proof)

   Let U be a subset of E
0
  defined as

       U={ x | f(x) = ∩ ηα ,β
γ (x) and for some

                              ηα ,β
γ

⊃ f

           y,z  <f(x),z>∈E
0
 , <x,y>∈ E

0
  and

                  <f(x),z> ≠  f̂ (<x,y>) }.

It is sufficient to show that the closure of U does not

include any non-empty open set. For any x∈U there

exists y,z∈P(FT) such that

          <f(x),z> ≠  f̂ (<x,y>) and <f(x),z>,<x,y>∈E
0
 .

Because of the fact that



            ̂f (<x,y>) = <u,v> ≠  <f(x),z>

and

           u = ∪ χα ,β
γ (x) = f(x), v⊂

/–
z

                 χα ,β
γ

⊂ f

there must exists c∈ FT such that

           b (c) ⊂ z  and   b (c) ⊄ v

b (c) can be written as c(x).

The set { c(x) | x ∈U } is countable. So it can be

written as { c
n
| n≥1 } .

Let U
n
 and V

n
 be

        Un={ x | c(x) = cn and x ∈ U }

and     V
n
 = Un .

The similar argument of Proposition 8 shows this

theorem.

                                                                      Q.E.D.

   The result of theorem 1 can be easily extended to

the lower semi-cont inuous funct ions of  several

variables. While ∪ and∩ are lower semi-continuous

functions onE0
* x E0

* . So∪ and∩ coincides with some

continuous functions∪ ' and∩ ' on ExE respectively

almost everywhere on E0
* x E0

* . From Scott 4), Lambda

definability is equivalent to the recursive enumerability

of the graph of a function. So constructing∪ ' and   ∩ '

according to the definition 11 it is easily seen that they

can be made Lambda definable.

§4  Conclusions

    There could be many arguments on the semantics

of Prolog. But I believe the two targets, the first one

to localize the state description and the second one to

preserve set function interpretation, are achieved in this

paper. Thus this approach can be positioned between

the Kowalsky,  Emden's2) and the Komorowski8),

Johnes-Mycroft's 9). There remains a problem of how

to interprete assert statements. An assert statement

changes the connection of clauses to the clause_group.

So the problem is how to represent the connection. It

is easy to transform the state transition model in this

paper to the continuation model. It appears meaningful

in the case of describing files. But even in the case the

information on an input file should be kept in the state

description. This can be avoided only by treating input

as a stream as Carlson10).

   The important advantage of our approach are that it

can be easily extended so as to give semantics to so

called set-of construct and that it provids us with easier

means of inductive method in proving properties of

P ro log  p rog rams .  The  rescen t  app roaches  o f

denotational description do not require continuity. The

reason is that the only important point is to give

semantics for recursion and not to give semantics for

higher order functions, because the languages such as

Pascal does not require higher order functions. In

Prolog case it also holds. But I want precise semantics

and to keep reality as much as possible.

    To def ine graph funct ion on E, such that the

recursive combinator coincides with the least fixed

point operator, is posible. Using such graph model ∪ '

and∩ ' can be directly shown to be Lambda definable.

But  i t  is  not  so important .  The graph model  is

interesting only in the case that there is some property

which cannot be shown only by the syntax of λ -

Calculus as in Barhrendregt7).
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