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‘ Normalized Separability Measures Based on Likelihood Criteria

and Their Properties

Taiichi SAITO

As a multi-thresholding technique for gray images, the maximum likelihcod method

under the agsumption of mixture of normal distributions and the thresholding method

considering the quantization error have already been proposed. In this report, scpa-

rability measurcs are defined from the likelihood criteria which are used as evaluation

functions in these methods. The proposcd separability measures are invariant under

affine transformations of gray level scale and are normalized to be within values from

J to 1. Binarization for a gray image whose distribution is uniform is considered. By

investigating properties of the separability measures in this case, it is shown that con-

sideration of the guantization error is effective and the defined separability measures are

valid.

£ 1 Introduction

As a multi-thresholding technigue for gray images,
the methods" using the maximum likelihood criteria
and the methods™ considoering the quantization error
of an image have already been proposed. A purpose
of these mothods is to find the thresholds at which
the likelihood criterion as an evalualion function he-
comes optimal. We usually only want to know the
optimal thresholds. However, we sometimoes want to
use the value itself of the evaluation function. Af this
fimwy, it is desivahle that the evaluation functions are
normalized so thal the values of the functions may
not change in the condition that there is no influcnce
in the evaluation.

In section 2 of this report, separability measures
are dofined, which are invariant under afline trans-
formations of gray level seale and are normalized (o
he within values from 0 to 1. In section 3, hinariza-
tion for a gray image whaosa distribution is nniform is
considered. By investigating properties of the sepa-
rability moeasures in the case, it is shown that consid-
eration of the quanlization crror is offective and the

definecd separahility measures are valid.

§ 2 Likelihood criteria and definition of

separability measures

In the case of multi-thresholding for gray images,
the fundamental statistics and notation of the like-
lihood criteria under the assumption of mixture
of normal distributions and normalized separahbility
measires which evaluate the goodness of the scpara-

tion are defined® here.

2.1 The fundamental statistics

N : T'he numbor of pixels of a gray image.

L : The nnmber of gray levels of a gray
image.

ag o A gray level (i=0,1, .., L-17.

§ : An interval between noighboring gray
levels,

§= Wiy — Wi — 1 ( k) } (lj

B{ui) © The lrequency of a pixel
whose gray level is v,
11
> hlwy=N. (2)
=0 :
plui) ¢+ The velative frequency ol o pixel
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whose gray level is u,.

plwgd = hiu) /N, (3)
L1

Z«‘:o plu) =1 (1)

The number of classes mto which
gray levels of an image are divided

(2<M <L),

¢ A set of gray levels to use them as

thresholds.
E = { kOa kl. sy lkrrn wriy 'IC_M'—‘Z ,"a (5)
(m=0,1, ., M=2, &, <kn- ).

o A set of gray levels to helong to the j class

(§=0,1, 0y M—1).
Ci=Huilky 1 < w <k}, (6)

(whore, by = un—96, kar—y = ur_y ).

: The occurrence probability of C;.

ke
wi= Y plu)= Y plw), (7)
u €C; w;=k; 140

A —1

ijo wj = 1. (8)

: The mean of C;.

1 AN :
Hi = LL—’ Z ’-’.L..;p(\'lt-,j)- (9)

e
The total mnean.
M —1

i—1
e = Z wplu;) = Z Withi. (10)
1=0

F=u

: The variance of ).

s 1

2
o) = o Z (g — pry )= plug)
S ey
1 9 . )
= o Z wrp(rg) — it - (11
4 w £

: The within-class variance.

M-
LR s R 2
Ty = oy (k) = E Wiy
=0
L1 M1
I 2 .
— ) wplug) = E Wy 4. {12}
=0 4=0

: The between-class variance.

M
o =gkl = Y wilpy — )’
=0
M1
2 2 i
= Z Wipt; — pr- (13)
=0

: The total variance.

L—1
2 - 2
b= 3w — pr)plu)

i=(]
-1

=Y ulplw) — 13 = ofy + 0% (14}
=0

When the number of gray levels is small, it is ro-
guired Lhat the quantization error is considered, be-
causc the influence of error by quantizing gray val-
ues appears. About the above statistics, when Lhe
guantization ervor is considered, * is put on the right
shoulder of the statistics. In the cases in which the
quantization error is congidered and is not consid-

ered, only the following equations are different.

2 &

O';-‘_‘ = 0'}2 E (15)
2 2 d

Ty = Oy T 5 (16)
=2 2 J =

U'T U'rir + E (1 I)

2.2 Likelihood criterion

By usmg the above notation, in the case that gray
levels are divided inta M classes under the assump-
tion of mixture of M normal discributions, likelihood
criteria’™®’ arc shown nexi.

According to relations of statistics of A normal
distributions, the likelihood criteria are divided in-
to four cases in Tab. 1. The first case ‘D’ is the
mixture model nnder the assumption of A7 normal
distributions with different occeurrence probahilities
and with a common variance. The second case 'O is
the wixture model under the assumption of M nor-
mal distributions with a common occurrence proba-
bility and with a common variance. The thivd case

‘K7 15 the mixture model under the assumption of M

Tab. 1 The classification of likelihood criteria
likelihood occurrence variances | threshold
criteria probabilities solection
method
{ :,’;), J}:;:' different equal b
BN aqual equal Otsu™™
1y ', J,‘:‘.‘:' different diffevent | Kittler and
Illingworl;h'":
lé;}, ](; ! equal different | Kurita®
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normal distributions with different cccurrence proba-
bilitics and with different variances. ‘The fourth case
‘@7 is the mixture model under the assumption of
M normal distributions with a common occurrence
probability and with different variances.

The likelihcod criteria which do not consider the
quantization error arc the following”

7 M=t
Ip = Z wy hl

o = £ln ! L(ln?”r—kl} (19)
2 oy 2 ’
g Mo
e = — Z Wy ln
i=0
M—i g 7.
lg == ]_Zo w;In ; - gn2w+1). (21

L .
73(11127r+l). {18)

L .
- E(lniﬁw +1). (20)

o lv L-i [

that 1o is equivalent to the
“ hy Otsu

and that Ix 15 equivalent to the minimum error

Tt has heen shown

discriminant and least squares criterion™

thresholding” by Kittier and Illingworth,
The likelihood criteria considering the quantization
error are the following®

A1

L
h=3 3wl ——r s —L11127T+1) (22)
7=0 i‘
L 1 L
H = ol ———— — =(ln2r +1). (23)
b=l e g )
T, M—1 g
Y= 7 Zﬂ Wy 1n e 5 = —1111 2+ 1), (24)
M—1 g
L L
I = 5 Z wilt—— 1 wi §(lu%+ L. (25)

l)
Tyt 13

Because the criterion 7, 15 only added a constant
8/12" to lp, lp and I give the same optimal
thresholds™

The abeve critoria are writton together with l:‘;’,
=D, 0O K, . l:fj weans Iy or I3 The

tollowing is also represented with the same notation.

where, X

2.3 Definition of separability measures

A3z a measure which evaluates the gondness of the
sceparation, normalized separability measures haged
on the likelihood criteria are proposed in this section.

The thresholdings hased on the maximum likeli-
hood methods are not influcnced by the increase

and decrease of constant, terms, hecanse these only

—

find maximum point of the above likelihood criveria.

Therefore, the criteria are equivalent even if these are

transformed as follows.
AM-1
Jp = Z w; ln (26)
1
Jo = (27)
AT
Af -1 wg
J o= ‘..,u I 1 2. (‘
I Z 5 ln — =3 +In M (28)
J=u 4
M-1 2
Jo = w;ln ;’ —ln M?. (29)
“ Z 7 ey o
g=I(
M—1
Jh o= wil (30)
r Z_% 7 HO' +§/12 A /‘
Ji =1 ! (31)
=—MN—-—— 7. [«
o oty +0/12 W
A~ 3
L — .3' 2 /a0
Jt = Zw, 6,12+1n1\1 (32)
M—1 .’..JQ
Jo = In ——1—— +1In M= 33
o j:ZDwJleu+Ol+ﬂl (33)

In(hese(nleua\f(* J(*) J}:*),

have been removed. In the criteria .IE{*) and J57, a

J g] }, constant terms

constant 't M?” has been added, in order to make it
possible to compare the four (D, O, K, @) criteria.
The fallowing cquations are defined toward these

criteria.
TX = 7 (34)
g
T =ln—; — J%. [38)
D'rlr

By dividing by the total variance (r:%f

IR .( become
the measures which are invariant under affine trans-
foriations of gray levels u;. Using these equations,

the following equarions #'* (eta) are defined.

nx = 1 —explry). (36)
ny — 1 —oxp{t%). (37)

‘I'herefore, scparability measures based on the likeli-

hood eriteria hecome the following.

M — 1 ;
= ()"

1- 7. 38

i (UT) (8]
b a2
! 7Y Ty

0o =1 Y £ (39)
U.T UT

~
I
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M-1 wj
_ [T (o5) .
= 1- M—_1 2 . (40)
M? (Hj:U .u]”’) (o)
gd, .
m = 1= M—lw : v 1)
M? (Hj:[) w,'l) (02)
M —1 2 i
T (- ) N
np =1- 3 7 (42)
(o5 + 5
. oo+ ﬁ o3 )
o = 1- 3 [ P 3 [43)
Tt 13 Ty T 33
M1, - w
. 1= 77+ %)
WK = 1- 2 M—-1 2wy 9 d (44)
M (n]:(] w; (O’r‘,n+ I§)
02/ + i
7?5 —1_ T4 .12 : ) (45)

{In the literatures®”, the equations 7}‘:) ancd ngj do
not contain the constant "1/M%.) nf‘), 1—}(:), J‘g;f) in-
dicate better separation as much as their values are
large. On the likelihood criterion Jpo, substitnting e-
quation {27) into (36}, then cquation (39) is given.
This equation (39) is equivalent to the separabilivy™”
defined in the thresholding based on the discriminant
and least squares criteria by Otsu. This means that
the proposed separability measures nf;) in this report
are valid.

Next, it is shown that 0 < 77‘,;‘ < 1, namely, n‘(;)
arc greater Lhan or equal to 0 and are less than or
equal to 1. Relations (46) are obvious.

{%32
qu

= (#)2 S 1. (‘16)

Ty

From the literature™(p.v08), relations (47) hold.

M-1 " M=

2377 . (%12 -
11 (U.-f ) < D e (47)
j=0 =0

From equations (11), (12}, (1), (16), Z;M:Hl u,‘.,-u;*]") =
cr{,,’f,)z. ‘T'herefore, the following relations hold.

M1

H (0_5*:)2)~'7 < omt)z (g J’gf)z ) (48)

j=a
Because of velation (19)

M—1

wy 1 Py
H w..' ' 2 _M'Z’ [19:1
i 0
relation (50) holds.
1
0 < - < L {50)

A2 (H;.‘ig'i wij“’f-") -

o f
\

It is shown that the proposed separability measures
Prog 1 ¥

()

75 (equations (38), (42)), ng) {cquations (39},
{43)), 1],:) lequations (40), {44)) and 'r,rg) (equations
{41), (45)) are normalived {within 0 < TL(;) < 13, from
relations {48), from relations (46), from relations
(48), (50} and from relations (46), (50]). respectively.
In equations (28), {29), (32), (33), if not adding the
constant In M2, then the relations 0 < 'r}i?j',ng) can
not hold.

When such a class that ¢F = 0 exists, the valne of
np and nx becomes 1 regardless of other condition-
s. Then, np, w7 are not reliable. Consideration of
the quantization error makes it avoid such a unusual

phenomenon.

v 3 Properties of separability measures

Using the proposed separability measures, proper-
ties of the likelihoad criteria are investigated in this
gection. In order to make it easy to understand, a
case of hinarization (M =2) is considered.

In the case binarizing under the assumption of a
uniform distribution with L gray levels, when the
ceeurrence probability of the class 0 is shown with
w = wy, the separability measures hased on the like-

lihood criteria hecome the following.

LQ,.E_i]:-‘ILQ 1— w221 {1—w)
o =1-— {L2 S lf"(_i ) I . (51)
; 12— 1 =870 —w) N
o =1 o 1( (52)
Lie? V01— w1y
nx — 1— { - } f \-,( - I (53)
e (1 — w22 — 1)
L2—1—3L2w(1 —w) )
; — ) ; \
e 1 dur2e (] — )201 w) (L2 — 1) {hd)
M =1 w1 w)yl' ), (55)
"o =Bl e (50
3
'Ij*]‘— = 1 N (57)
1 — 3w(l — )
‘ﬂ':g =1 w( W) (58)

n A2 (1 — wjz(l—w)'

By replacing 1 with 0, namecly, by cousidering the
quantization error, equations (517 - (54} become (55)
- {58, respectively.

I the case which does not consider the quantiza-
tion errvor, the values of the separability measures np,

4)
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1o, T, ng are shown in Fig. 1 {the number of gray
levels I = 256) end Fig. 2 (the number of gray levels
I. = 8). Equations (51} and (53} are not reliable, in
the range L20? — 1 <0, L1 —w)®> =1 < 0. When
the number of gray levels iz small, the unusual phe-
nomenon appears at near w =0 or 1 in Fig. 2. From
the equations and Fig. 1, Fig. 2. g docs not appear
the unusual phenomenon hy the quantization error,
7o 12 not inflluenced by the (uantization error.

In the case of considering the quantization error,

the values of the separability measures 915, %5, 7,

1 —
uniform distribution
0.9 {the number of gray levels = 256}
0.8 | otak ..
= 07 . ' T
8 oo
8 05| A
RS D4 -etaD A
] ; o
@ 0314/ eta)’
02|/, 7 - etad ‘.
01 i 8!
Dt . , . . e
0 01 02 0304 0506 07 0808 1
w=w0 (occurrence probability of class 0)
Fig. 1 The values of separability measures
based on the likelihcod criteria in the case
of binarising a uniforw distribution. (the
number of gray levels L = 256, etaX =
iy, X = 0,0, K, Q)
uniform distribution
0.8 (the number of gray levels = 8)
0.8 _ etaK-.
= 07 T e
gy o L/
g 05 r S0 /
3 : | A
L 0.4 ‘etaD ;
= : y
T 0.3 | staQ’
02 etaO
0.1
0 01 020304050507 0809 1
w=w( (occurrence probability of class 0)
Fig. 2 The values of separability moeasures

hased on the likelihood criteria in the casce
of binarizing a uniform distribution. (the
numher of gray levels L =8, elaX = gx,

X _DOKQ

i
P

<
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75 are shown in Fig. 3. Because thal the influence
of the quantization error is small when the mumber
of gray levels is large, the difference between the cas-
os of Fig. 1 and Fig. 3 is very small. As it is clear
from equations (53), (56). (57), (58}, the separability
measures are unrelated to the number of gray levels
Ly considering the quantization error in the uniform
distribution model. Especially, 5y, (cquation (57)) is
unrelated to the occurrence probability w too, name-
ly, 5§ = 3/4 is constant.

The method (I, Jx)” by Kittler and Hlingworth
was proposed, in order to avoid the influence by the
bias of the occurrence probabilities. By consider-
ing the quantization error in the uniform distribution
model, the fact clarifics the expectant effect that the
criteirion i, s constant regardless of the occurrence
prabability. (Tn the case of multi-thresholding into M
classes, the criterion nj. =1 —1/M7 is also constant,
in the same way.}

From literature™ (p.44), lin, 00 = 1. In the cage
of binarizing the uniform distribution, when w ap-
proaches 0 or 1, 5, (equation | 58} approaches 3/4,
n5, (equation (55)) approaches 0,

Although the four likelihood criteria have different
conditions aboul occmrence probabilities and vari-
ances, In the case that a gray level histogram 1s sym-
metric such as a uniform distribution, the condition-

g about occurrence probabilitics and variances be-

1 -y T N
uniform distribution
0.9
0.8 etak” .
z 0T S
-‘,3 0.6 ;4;4,-' ’ . u}/‘:
8 0.5 P o
@ ; SN s N
£ 0.4 - etaD* Y
@ ; \
@ 03/ etaQ*”
02t/ etaQ* e
0.1 B
0" . . . ! e e
0 01 020304050607 0809 1
w=w0 (occcurrence probability of class 0}
Fig. 3 The values of separability measures

bascd on the likelihood eriteria in the case
of binarizing a uniform distribution. (in
the case of considering the quantization
error, eduX =nx, X = D, 0, K, Q)
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come same at w = 1/2. As shown in equations (51)
— (58) and Fig. 1, Fig. 2, Fig. 3, the values of the
four {D,0,K,Q) defined separability measurcs he-
come the same at w = 1/2. The above fact indicates
that the defined separability measures are valid.

By the way, in the case of binarizing a mixture of
two normal distributions (N (u; 63, 16), N (u; 192, 16)),
the values of the separability measures n% are shown

s B

in Fig. 4, where,

Ni{uyp,0) = 502

1
V2ro
In this case, the values of the all separability meas-
ures become maximum at the midpoint between the
two normal distributions. In the case of a mixture of
ideal normal distributions (Fig. 4), the difference of
the curves of each separability measure is very small
regardless of the number of gray levels and consider-

ation of the quantization error.

mixture of norn/v;_il distributions
/
=z 513 ) ) K
= 0. - - etak*
g 0.8 ¢ o
g 07 .
& 06 etaQ*
o 0.5 : ]
@ 04 L
0.3 i -etaD*
0.2
0.1 TretaO” | _
0 50 100 1580 200 250
ui (gray level)
Fig. 4 The values of separability measures

based on the likelihood criteria in the
case of binarizing a mixturc of two nor-

mal distributions. {(etaX* = p%, X =

D,0,K,Q)

§ 4 Conclution

In the casc of thresholding under the assumption
of mixture of normal distributions, the separability
measures which are invariant under affine transfor-
mations of gray level scale and are normalized to be
within values from 0 to 1 have been defined from like-
lihoad criteria. Using these scparability measures,

the likelihood criteria have been investigated in the

casc of a uniform distribution model. It has been
shown that consideration of the quantization error is
effective and that the proposed separability measures

are valid.
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