87 Numerical Simulation of FRDC-DC Measurement

7. 1. Introduction

The SJITCs show frequency independent ac-dc transfer
differences of afew partsin 10°. There are two well-known
thermoelectric effects that contribute to the ac-dc transfer
difference at the 10° level. Oneisthe second-order Thomson
effect dong the heater and the other isthe Peltier effect at
the heater / heater support-lead junctions. In additionto these,
local enhancement in Thomson or Peltier coefficients of the
heater may occur during manufacturing when the glass-beads
areformed by flaming or mechanical stressin thewire.

The thermoel ectric effects from different origins and at
different locations along the heater are expected to have dif-
ferent characterigtic time-constants. For example, thermo-
electric effectsin the vicinity of the bead may have smaller
time-constants compared with the thermoel ectric effects at
the heater/ heater support junctions. Hence, the characteris-
tic time-constants of the thermoel ectric effectsmay giveusa
cluefor theinvegtigation of the location and the origin of the
thermoelectric effects. In this section, anumerical simula-
tion is performed on an SJTC to determine the thermoel ec-
tric time-constants due to severa possible origins of the ther-
moelectric effects.

In the previous chapter, a formula which characterizes
the frequency-dependence of the FRDC-DC difference of a
therma converter has been derived. The formulawas de-
rived using a simple mathematical assumption that the
themoel ectric effects devel op exponentialy with atime-con-
stant ... Vaidity of this assumption will also be examined
using the numerical simulation.

7. 2. Heat transfer equation

When current I(t) is applied to the heater of the SITC
with cross-sectional area A, the temperature distribution of
the heater 6(x) due to the Joule heat and the Thomson effect
is determined by a second-order differential equation [7]

0 _1%p 6 98
AC,Z =P i nk? 7 vt &
S a ™A Y X (7.2)

where the symbols C, k, p, and o represent thermal ca-
pacity, thermal conductivity, electric resistivity, and Thomson
voltage coefficient of the heater material, respectively.

The temperature distribution of the Joule-hest is dightly
modified by non-Joule heating or cooling due to Thomson
or Peltier effect. Since the amount of non-Joule heating
caused by the thermoel ectric effectsis more than two orders
of magnitude smaller than that of the Joule-heating, the
thermoel ectric effects were treated as perturbationsin the

evaluation of (7.1).

Thetemperature distribution 6(x) can be obtained numeri-
cally by approximating the differential equation by a step-
equation:

o(n;t + At) = 6(n;t) + 7A(§Wa‘ (nit)

cm M

AQl'ota] (n‘t) = AQ\]oule(n;t) + AQConduct(rl;t) + AQl'horrsan(rl;t)
+AQPenier (n;t) + AQCoupIe(n;t) (72)

where the quantities AQ_, are given by;

BQuue (1) = p(M)1*(t)AX(n)/ A(n)

KA
AQConducl(n;t) = g&g 1[0(n + lt) - Q(n,t)]
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BQureen (M) = ~a (M) (t)]B(n + 1) - B(m;1)]
DQrgier (M) = B (N)1 (1)
AQcouple(n;t) = AKoouple(n)e(n;t) . (73)

In the step-equation (7.2), the Peltier heating/cooling and
the conductance through the thermocouple are regarded as
point sourcesin the equation.

7. 3. Thermal system in SJTC

7. 3. 1. Modeling of SJTC
The numerical simulation was performed on the simpli-
fied mathematical model of a SITC (figure 7.1). Thetem-
perature distribution along the heater and the support-leads
of the SJITC was calculated regarding the SJTC as a one-
dimensional thermal system. The heater and the two sup-
port-leads were divided into small segments. The glass-base
istaken asthe heat-sink of the system. The Joule heat gener-
ated in the heater is conducted down to the heat sink through
the support-leads and the thermocouple.
The dimensional parameters and the thermoel ectric con-
stants which have been used in thismodel are;
(1) Cross-sectional area
A e=31%10%m?
A ppor=49 X 10° m2
A =50 %X 101 m?
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Figure 7.1 One-dimensional model of the heater and the
support leads for the cal culation of the temperature distri-
bution along the heater of an SITC.

(2) Length
L, ,=50%10°m
Lyppo=10.0%X 10°m
Loyy=10.0%10%m
(3) Electric Resistivity
Prns=1080%10° Q m
=27.0X10°Qm

p Support

(4) Thermal Conductivity

Kyoee =17.0W Mt K2
Kappor =310 W m K-
Ko =380.0W mt Kt

(5) Thomson Coefficient
0,e=-20%10° V K

(6) Thermal Capacitance per volume
C,=36%X10° IM3K?
Coppor=29 X 10° IMP K™,

The temperature distribution 6(x) was calculated for cur-
rent level of 10 mA. The Thomson effect at support-leadsis
neglected in this model, and the Thomson coefficient of the
heater is assumed to be independent on the temperature.

Using the val ues defined above, the equation (6.22) which
represent the basic relationship between the characteristic
lengths A, and the characteristic time constant 7 are evalu-
ated to be

A [heater] =4.8x10°\T  m
Aj[support] =3.2x10°\T  m. (7.4)

7. 3. 2. Effectiveness of the themoelectric effect
The thermal resistance of the heater, support lead, and
the thermocouple for the SITC are calculated as

Z = LHS&[E{ /A"Gﬁle’kH&[H = 9'5 xlos K /W

Heater

ZSJpport = LSJpporl/ASJpponkSJpport = 66 X103 K /W

(75)
ZCuupIe = LCouple/AbouplekCOUple = 5 X]_OS K /W

In this model, the heat generated by electric resistance
and thermoel ectric effects are absorbed by the heat sink
through the three paths, i.e., through the two support leads
and through the thermocouple. The heat generated near the
bead is more effective than the heating near the support lead
for raising the temperature at the bead. The effectiveness of
the heating is given by aquantity A6, ,/Z,,,AQ asafunc-
tion of the distance x from the bead.

AOoupie —1- 2x_ Zenter

ZTotaI AQ L ZZSJppon + ZHealer (76)

Heater

where Z,_ | represents the total thermal resistance from
the bead to the base:

1 _ 1, 4
ZTotaI ZCoupIe ZZSJppon + ZHealer . (77)

The effectiveness of local heating isillustrated in figure
7.2. Theformula (7.6) can also be applied to the second-
order thermoelectric heating/cooling which do not change
polarity with the reversal of current. For the heating at the
heater/support-lead junction (x=L,,_,./2), changein the tem-
perature at the bead is evaluated to be :2ZSJpport/ZHeata" Inthe
case of the SITC, the thermoelectric effect near the bead is
calculated to be 70 times more effective than the effect near

the heater/support junction.

7. 3. 3. Joule heating

The steady-state temperature distribution along the heater
due to the joule heating was obtained using the simplified
model of the SITC. Inthe step-by-step calculation (7.2), the
heater and the support leads are divided to 99 segments, as
showninfigure7.3.

The heater is divided to 79 segments (#11 to #89), and
the two support-leads are divided to 10 segments each (#1 to
#10 and #90 to #99). The segments #10 and #90 represent
the heater/support-lead junctions, and the segment #50 rep-
resentsthe center of the heater where the heater is connected

79Caugle

4 ZTotal A 0

-1

EZSuggart

Heater

- LHeater /2 0 LHeater / 2
Figure 7.2 The effectiveness of local heating due to the
second-order thermoelectric heating/cooling. In the case
of the SITC, the thermoel ectric effect near the bead is 70
times more effective than the effect at the heater/support
junction.
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Figure 7.3 Segmented modd of the heater and the support
leads. The segment #11 to #89 represents the heater, and
the segments #1 to #10 and #90 to #99 represents the two
support-leads. The segment #50 (center) represent position
of abead. The segment #1 and #99 are connected to the
heat sink.
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Figure 7.4 The calculated temperature distribution along
the heater. Thedip at the bead is due to conduction of the
heat through the thermocouple.

to the thermocouple by abead. The segment #1 and #99 are
connected to the heat sink, and define the reference point
(6=6,=0).

The step-by-step calculation was performed with stan-
dard time-increment (At) of 0.2 ms. The calculated tempera-
ture distribution along the heater isshown infigure 7.4. The
temperature distribution reaches its steady-state condition in
several seconds. Thedip at the bead is due to conduction of
the heat through the thermocouple.

In the case of FRDC-DC difference measurement, the
rectangular waveform produces constant power. Thetem-
perature distribution is dways kept at its steady-state condi-
tion regardless of the switching frequency f,.

Thedevelopment of thetemperaturedistribution withtime
isshown infigure 7.5. The upper and lower curves repre-
sent the temperature rise a the bead and at the heater/support
junction respectively. The solid curve represents the result
of ssimulation and the dotted curve represents exponential
curvefitted to the solid line. From the exponentia curve, the
time constants for the heater and for the support leads are
evaluated to be 0.51 sand 2.15 s, respectively. The charac-
teristic length of the heater is evaluated to be 6.8 mm (2A,)
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Figure 7.5 The development of the joule heat-up with
time. The upper and lower curves represent the
temperature rise at the bead and at the heater/support
junction respectively. The solid curve representsthe result
of simulation and the dotted curve represents exponential
curve fitted to the solid line.

and 3.3 mm (2A,) in fair agreement with the actual length.
7. 4. Thermoelectric effects in SJTC

In this chapter, the following four different origins of the
thermoelectric effects are investigated using the simulation.

(8) The second-order Thomson effect along the heater.

(b) Peltier effect at the heater/support lead junctions.

(c) Localized Thomson effect in the vicinity of the bead.

(d) Pdltier effect in the vicinity of the bead.

Sincethe establishment of the thermal ac-dc transfer stan-
dard in 1960s, the thermoel ectri ¢ effects have been regarded
asthe main source of the ac-dc difference. Theinfluence of
the Thomson and the Peltier effects on the ac-dc difference
hasbeen investigated in detail by Hermach[6], Widdig 7] and
Inglig 10, 11]. Though the thermoelectric effects near the
bead have not been investigated in their analysis, thermo-
electric time constants of smaller than 0.1 sisfrequently ob-
served in the FRDC-DC difference measurements. Hence
the localized Thomson and the Peltier effect were included
inthe simulation.

7.4. 1. Procedure of simulation

The amount of hon-joule heating caused by the Thomson
and the Pdltier effects are more than two orders of magnitude
smaller than that of the joule-heating. Hence the thermo-
dectric effects can be trested as a perturbation in the smula-
tion. The procedure for determining the frequency depen-
dence of FRDC-DC difference due to thermoel ectric effects
isasfollows.

[1] Calculate the steady-state temperature distribution
6,(x) due to Joule heating.

[2] Calculate the change in the temperature distribution
A8, (dc;x) dueto thefirst-order thermoelectric effects
in the dc mode.

[3] Cdculate the change in the temperature distribution
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A6, (dc;x) due to the second-order thermoelectric
effectsin the dc mode.

[4] Cadlculate the change in the temperature distribution
46, _(f,,-x.t) dueto the first-order thermoelectric ef-
fectsin the FRDC mode for one period of reversal.

[5] Calculate the change in the temperature distribution
A6, (fg,x.t) dueto the second-order thermoelectric
effectsin the FRDC mode for one period of reversal.

[6] Cdculate the averaged temperature change a the bead
<44, (f,,0,t)> due to the thermoelectric effectsin

2nd
the FRDC mode for one period of reversal.

The procedure[1] has been performed inthe section 7.3.3.
By the repetition of the procedure [4] to [6] while changing
the switching frequency f,, , the frequency dependence of
FRDC-DC difference is obtained using the following for-
mula

(D6,4( Toy30,t)) = A6, (dlc;0)
) 2,(0)

6FRDC—DC( fSN) =
(7.8)

7. 4. 2. Thomson effect of uniform heater

The second-order Thomson effect along the heater isthe
main source of the ac-dc difference. The temperature distri-
bution A8, (f,,,xt) dueto thefirst-order Thomson effect was
evaluated using the step-equation (7.2) for one period of the
FRDC waveform. The result of the smulation is shown in
figure 7.6. The curves represent the temperature distribu-
tion along the heater immediately before the reversal of the
current. The Thomson coefficient is assumed to be uniform
over the length of the heater. At reversing frequencies less
than 1 Hz, the temperature distribution approaches that of
dc. For the higher reversing frequencies, the first-order ef-
fect does not have enough time to buildup the temperature
distributions and, therefore, it is totally suppressed at fre-
quencies higher than 100 Hz.

Sincethe temperature distribution has anti-symmetry, the
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Figure 7.6 Thetemperature distribution dueto thefirst-
order Thomson effects immediately before the reversal of
the current.

center of the heater (x=0) may be recognized as the imagi-
nary heat-sink. In this case, the thermoelectric effect has a
characteristic length equal to the half-length of the heater.

Since the Thomson effect produces the first-order tem-
perature distribution of the order of 0.1 K, anon-negligible
amount of the second-order Thomson heating/cooling is gen-
erated aong the heater of the SITC. Figure 7.7 showsthe
calculated second-order Thomson heating/cooling in the vi-
cinity of the bead. The exponential behavior of the second-
order Thomson heating/cooling confirmsthe adequacy of the
assumption used in the derivation of formula (6.15) deduced
in chapter 6;

_ 2T UTgy U
Oerpc-ne = Ore( Taw )tanh%TEH (6.15)

In the case of the reversing frequency of 2.5 Hz, whichis
dightly below the characteristic frequency, the heating- and
cooling-power compensate each other and the average power
is much smaller than that for 0.25 Hz.

Figure 7.8 showsthe result of the evaluated FRDC-DC
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Figure 7.7 Second-order Thomson heating and cooling.
The upper graph isfor the reversing-frequency of 2.5 Hz,
and lower graphisfor 0.25 Hz
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Figure 7.8 Smulated FRDC-DC difference &, ,(fs,)
for frequency range between 0.05 Hzto 5 kHz. The
thermoel ectric time constant of the heater is evaluated to
be 0.14 s by the curvefitting.
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difference d_ . ,(fs,) for frequency range between 0.05 Hz
to 5 kHz. From the frequency dependence of . .(fs,):
the thermoel ectric time constant of the heater is evaluated to
be 0.14 s, using the formula (6.15). On the other hand, by
the direct curvefitting of the data shown in figure 7.7 to an
exponentia response function, the time-constant of the sec-
ond-order Thomson effect isevaluated tobe 0.15 s. Thegood
agreement in the two numbers confirms the adequacy of the
simple exponential model assumed in the derivation of the
formula (6.15).

Using the formula (7.4), the characteritic length of the
heater and the support lead are estimated to be 1.7 mm (21,),
in agreement with the half-length of the heater (2.5 mm).

In the case of uniformly distributed Thomson effect, the
ac-dc difference was evaluated by Widdig[7] as:

s -_1 0’6,
ac-dc 12 pk (79)

where the symbols g, 6, p, and k represent the Thomson
coefficients, mid-point temperature-rise, electric resistivity,
and the thermal conductivity of the heater. Using the value
defined in the section 7.3.1 for the parameters, the equation
(7.9) is evaluated to be -2.58 ppm. In the case of smulated
FRDC-DC difference measurement, thethermal transfer dif-
ferenceisevauated to be -2.56 ppm, in good agreement with
the analytical value.

Recently manufactured SITCs, such as SS283 from Best
Technology, use Evanohm for the heater material. In this
case, Thomson coefficients are nearly ten times smaller than
the value used in thissimulation. Aswill be descried in the
next chapter, these new SJITCs exhibit thermoel ectric trans-
fer differences smaller than 1 ppm.

7. 4. 3. Peltier effect at heater/support junction

Another well-known source of the ac-dc differenceisthe
Pdltier effect at the heater/support-lead junctions where dif-
ferent material isjoined. The Peltier effect causes alinear
temperature gradient acrossthe hester, and result in uniformly
distributed second-order Thomson heating/cooling aong the
hester.

Thetemperaturedistribution A8, (f,,.xt) dueto the Peltier
effect isshown infigure 7.9. With the Peltier coefficient of
2.2 mV, heating/cooling power of £22 uW is generated at
the junctions, resulting in thelinear £0.1 K temperature gra-
dient acrossthe heater. Sincethe thermal capacitance of the
support lead is80 times aslarge as that of the hester, changes
in the temperature at the heater/support junction are mainly
determined by the time constant of the support lead. Hence
the thermoel ectric effect is expected to have a characteristic
length equal to the size of the support lead.

Figure 7.10 showsthe result of the evaluated FRDC-DC
difference J. . ,.(fg,). From the frequency dependence of
Orroenclfsy) the thermoelectric time constant of the Peltier
effect is evaluated to be 1.9 s, in good agreement with the
time congtant of the joule hegting at the heater/support junction.

Temperature —»

Position from center —

Figure 7.9 The temperature distribution due to the first-
order Peltier effectsimmediately before the reversal of the
current. The Peltier coefficient at the junctions produces
linear temperature gradient across the heater.
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Figure7.10 Smulated FRDC-DC difference o, . ..(fs,)
for frequency range between 0.05 Hzto 5 kHz. The
thermoelectric time constant of the Pl tier effect isevaluated
to be 1.9 sby the curvefitting.

The ac-dc difference dueto the Peltier effect at the heater/
support junction is a so been given by Widdig[7] as,

5 _odb

ac-dc
Vh

(7.10)

where the symbols d8and V, represents the temperature
difference and voltage drop across the heater.

Thetemperature difference 56 was obtained by the first-
order distribution to be 0.1 K. Using the value defined in the
section 7.3.1, the equation (7.10) is evaluated to be -1.21
ppm. Thevaueisin good agreement with the value (-1.19
ppm) obtained by the smulated FRDC-DC difference mea-
surement.

7. 4. 4. Thomson effect in the vicinity of the bead

In the conventional design of the SITC elements, the
glass-beads which thermally connects the heater and ther-
mocouple are formed by flaming. Inthe process of flaming,
the heater near the bead is also exposed to the flame. Hence
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it is plausible that the thermoel ectric property of the heater-
materia islocally deteriorated in the vicinity of bead. Inthis
sub-section, the effect of local change in the Thomson coef-
ficient isanalyzed. Inthe simulation, it is assumed that the
Thomson coefficient is enhanced in the range of £0.1 mm
fromthe bead. To be more specific, the Thomson coefficient
of the three segments #49 to #51 in figure 7.3 is modified
from -2.0 pV/K to -20 pV/K. The other conditions are the
same as the calculation of the Thomson effect for uniform
hester as described in section 7.4.1.

Thetemperaturedistribution A6, (f,,,x,t) isshowninfig-
ure7.11. Theover-all shapeis quite similar to the case of
the uniform heater, except that local structurein the tempera-
ture distribution is observed near the bead.

Figure 7.12 showsthe result of the smulated FRDC-DC

02 ]
K F 5
0.15 F 3
T 01 F E
0.05 F -
£ 0f
R
g 005 F
g E
o -
= -0 F
0.15 F
02 &
4 3 2 1 0 1 2 3 4
mm
Position from center —
Figure7.11 Thetemperature distribution dueto thefirst-
order Thomson effects immediately before the reversal of
the current. The local structure in the temperature
distribution is observed near the bead.
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Figure7.12 Smulated FRDC-DC difference ... ,(fs,)
for frequency range between 0.05 Hz to 5 kHz. The
frequency dependence is characterized by two
thermoelectric time constants of 0.16 sand 0.007 s.

difference o_,. ,.(f5,)- The frequency dependence of
O-rocnclfsy) 1Scharacterized by two thermoel ectric time con-
gantsof 0.16 sand 0.007 s. The former time constant agrees
with the time constant of 0.14 sfor the uniform heater. Us-
ing the formula (7.4), the characteristic length of the local
Thomson effect is estimated to be 0.4 mm (2A,), which is
similar to the size of the region (0.25 mm) in which the

Thomson effect is enhanced.

7.4.5. Peltier effect in the vicinity of the bead

If thereisalocal change in the property of the heater-
material, the Peltier heating or cooling power can be gener-
ated at the boundary. In this sub-section, the Peltier effect in
thevicinity of the bead isconsidered. Inthesmulation, itis
assumed that the hesating-spot and cooling-spot are separated
0.25 mm. To be more specific, the segments #48 and #52 in
figure 7.3 have the Peltier coefficient of -0.2 mV and +0.2
mV, respectively. The other conditions are the same asthe
case of the Thomson effect for uniform heater as described
in section 7.4.1. The Pdltier effects at heater/support junc-
tions are also neglected in this calculation. Theloca change
in the Thomson coefficient will be included in the next cal-
culation.

Thetemperature distribution A6 _(f,,.x.t) isshowninfig-
ure7.13. The sharp anti-symmetric pesks near the bead rep-
resent the pair of Peltier heating- and cooling- spots. The
temperature gradient near the bead is 0.36 K/mm, which is
more than two times steeper than that for the first-order
Thomson effect for the uniform hesater.

Figure7.14 showsthe result of the smulated FRDC-DC
difference d . ,o(fs,)- In spite of large temperature gradi-
ent in thevicinity the bead, the thermal transfer differenceis
five-times smaller than the case of the Thomson effect for
uniform heater. The ineffectiveness of the local Peltier ef-
fect is due to the fact that the Peltier effect produces both

0.08 [ R MEBAES nesss s

0.06 F

0.04 F

0.02 F

0.02 F

Temperature —>

0.04

-0.06 F

00gbe b bbb,
4 3 2 0 1 2 3 4
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Figure 7.13 The temperature distribution due to the
localized Peltier effectsimmediately before the reversal of
the current. The sharp anti-symmetric peaks near the bead
represent the pair of Peltier heating- and cooling- spots.
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Figure7.14 Smulated FRDC-DC difference d_ . .(f.,)
for frequency range between 0.05 Hz to 5 kHz. The
frequency dependence of & . (fs,) is characterized by
the two thermoelectric time constants of 0.14 sand 0.016 s.

positive and negative temperature gradients. The Thomson
cooling in the positive-gradient region within the boundary
istend to be canceled by the negative-gradient region out-
side the boundary.

The frequency dependence of o ,.(fs,) is character-
ized by the two thermoelectric time constant of 0.14 sand
0.016 s. Theformer time constant agrees with the time con-
stant of 0.14 sfor the uniform hester. The shorter time con-
stant, which reflectsthe local Peltier effects, givesrelatively
small contribution to the thermal transfer difference. Using
the formula (7.4), the characterigtic length of thelocal Peltier
effect is estimated to be 0.6 mm (2A,).

7.4. 6. Combination of local Thomson and Peltier
effects
In the analysis performed in section 7.4.4 and 7.4.5, the
effects of local change in the Thomson coefficient and the
change in the Peltier coefficient have been analyzed sepa-
rately. Themoreredlistic assumptionisthat both the Thomson
coefficient and the Peltier coefficient are altered locally as
the consequence of theflaming. In thismodel, the measure-
ment condition is the combination of that givenin 7.4.4 and
745:
(8 The Thomson coefficient is enhanced from -2.0 pv/
K to -20 pV/K in the range of £0.13 mm from the
bead.
(b) A pair of heating/cooling-spot separated 0.25 mm is
crested with Peltier coefficient of 0.2 mV.
The result of the evaluated FRDC-DC difference
Ocrpc.nclfsy) Isshownin figure 7.15. Probably dueto the
complex structure of the thermal property of the heater, three
time constants were required to fit the frequency dependence
by theformula. One of thetime constant 7, wasfixed to 0.14
s, and the other two time constants were evaluated by least-
squarefitting to be 7,=0.012 sand 7,=0.0015 s.
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Figure7.15 Smulated FRDC-DC difference o_ . ..(f.,)
for frequency range between 0.05 Hzto 5 kHz. Threetime
constants were required to fit the frequency dependence by
the formula; 0.14 s, 0.012 sand 0.0015 s.
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Figure7.16 Smulated FRDC-DC difference &, o(f5,)
for fregquency range between 0.05 Hz to 5 kHz. The
frequency dependence of J.. . ..(f,,) is characterized by
the two thermoelectric time constants of 0.22 sand 1.5s.

7. 4.7 Seebeck effect at heater/support junction
The Peltier effect at the heater/support-lead junctions
causes alinear temperature gradient across the heater. The
difference in the temperature between the two heater/sup-
port junctions produces a net thermal EMF in the input cir-
cuit due to the Seebeck effect. Aswill be analyzed in detail
in section 8.3.2, the thermal EMF leads to a thermoelectric
transfer difference which occurs only in the voltage mode.
Figure 7.16 showsthe result of the evaluated FRDC-DC
d|fference Orocnclfsy)- The frequency dependence of
O-roeoclfsy) 1S characterized by two thermoel ectric time con-
stants of 0.22 sand 1.5 s. The former time constant agrees
with that of the Thomson effect described in section 7.4.2,
whilethe latter agreeswith that of the Peltier effect described
in section 7.4.3. Hence the two time constants seem to cor-
respond to the time constant of the heater and the support-

leads, respectively.
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Figure 7.17 Development of the second-order Thomson
heating/cooling with time. The solid lines represent the
response to the sinusoidal waveform, and the dotted curves
represent the responseto rectangular waveform. The upper
graph isfor the basic-frequency of 2.5 Hz (5 Hz switching
frequency for FRDC waveform), and lower graph is for
0.5Hz

7.5 Excitation by sinusoidal waveform

The step equation (7.2) may also be used to determine
the response of the thermal system to the excitation by sinu-
soidal waveform. In this case, frequency dependence of the
ac-dc transfer difference due to the thermoel ectric effect can
be evaluated.

Figure 7.17 shows the devel opment of the second-order
Thomson heating/cooling with time. The solid linesrepre-
sent the response to the sinusoidal waveform, and the dotted
curves represent the response to rectangular waveform. The
upper graphisfor the basic-frequency of 2.5 Hz (5 Hz switch-
ing frequency for FRDC waveform), and lower graphisfor
0.5 Hz. Whilethereisancticeabledifferencein the response
to rectangular and sinusoidal waveform at lower frequen-
cies, the difference becomes smaller at higher frequencies.

Calculated ac-dc difference and the FRDC-DC difference
contributed from the second-order Thomson effect are shown
infigure 7.18. The pesk-to-peak amplitude of the thermal
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Figure 7.18 Calculated ac-dc difference and the FRDC-
DC difference contributed fromthe second-order Thomson
effect. The peak-to-peak amplitude of the thermal ripple
for the sinusoidal excitation is also shown in the figure.
All the curve is normalized relative to the value for the
steady-state DC.

ripple for the sinusoidal excitation is also shown in the fig-
ure. All the curveis normalized relative to the value for the
steady-state DC. The frequency dependence of the ac-dc
difference due to the Thomson effect is quite similar to that
of the FRDC-DC difference, as expected.

Usually the effect of thermal ripple is one or two orders
of magnitude larger than the thermoelectric effect. Hence
the frequency-dependent part of the of the thermoelectric
effect is dominated by the thermal ripple, and may not be
observed in the actual ac-dc transfer difference measurement.
On the other hand, if the themoel ectric time constant ismuch
smaller than the time congtant of the joule heating, asin the
case of thelocal Thomson or Peltier effect, It may be pos-
sible to observe the effect in the ac-dc difference measure-
ment.

7.6 Summary

The thermoelectric effects of different origins are ana-
lyzed using the numerical simulation on an SJITC. Time-
constants determined by the smulated FRDC-DC difference
measurement are summarized in table 7.1. Thefirst two

Table 7.1 Time constants determined by simulated FRDC-DC

difference measurement.
Effect Time constants (s) Characteristic length (mm)
(localization) 1st 2nd 1st 2nd
Joule (heater) 0.51 5.0
Joule (junction) 2.15 10.0
Thomson (heater) 0.14 2.5
Peltier (junction) 1.9 10.0
Peltier (EMF) 1.5 0.22 10.0 2.5
Thomson (local) 0.16  0.007 2.5 0.25
Peltier (local) 0.14  0.016 25 0.25
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entriesin the table represent the time-congtants of Joule heating
evaluated for the heater and the support-lead. Sincethether-
mal capacitance of the support-lead istwo orders of magni-
tude larger than that of the heater, changesin the temperature
at the heater/support junctions are mainly determined by the
time-constant of the support-lead. In the case of the Thomson
effect, the first-order temperature distribution has asymme-
try, aswasshown infigure 7.6. Sincethe center of the heater
may be recognized astheimaginary heat-sink, half-length of
the hegter istaken asthe characteristic length for the Thomson
effect.

The relationship between the characteristic scale and the
characterigtic time-constants of the thermoel ectric effectsare
plotted in figure 7.19. The plotted data show the result of
the numerical smulation on the different origins of thermo-
electric effects. The solid lines represent the simple theoreti-
cal formula (7.4) predicted for a one-dimensional thermal
system. The upper part of the line represents the support-
lead, the lower part of the line represents the heater. The
good agreements suggest that the formula presents a funda-
mental relationship between the characteristic length and the
characteristic time-constants of the thermoelectric effects.
Hence, the thermoel ectric time-constants determined by the
FRDC-DC measurement give us an important insight into
thelocation and the origin of the thermoelectric effects.
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Figure 7.19 Relationship between thermoelectric time-
constants and the characteristic lengths associated with
it. The solid linesrepresent the smpletheoretical formula
for the heater (lower part) and support-lead (upper part),
respectively.
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